Theoretical techniques are developed for designing nuclear magnetic resonance (NMR) experiments to simulate a variety of adiabatic decoherence (aka T 2 relaxation) processes, using sequences of pulsed field gradients and diffusion periods. To this end an efficient Hadamard product formalism is introduced and used to derive Lindblad master equations from NMR pulse sequences for both collective and independent phase damping on any number of spins. The Kraus operator sum form is shown to be related to the Hadamard form by diagonalization, and explicit Lindblad and Kraus operators given for arbitrary correlations between two spins. Finally, gradient-diffusion methods are outlined for more complex forms of decoherence, including the three-axis collective model.
Quantum information processing requires precise control of the processor's dynamics [1] . Most efforts to attain the requisite precision have been directed towards coherent control (see e.g. [2] ); interest in incoherent control has focussed mainly on eliminating decoherence [1, 3] . Recently studies have been made of the minimum requirements for universality in the control of open quantum systems [4, 5] , and of ways to modulate natural decoherence during quantum simulations by liquid-state NMR [6] . In addition, birefringence has been used to emulate an eavesdropper in two-photon quantum cryptography [7] , and NMR gradient-diffusion methods used to introduce artificial decoherence for preparing pseudo-pure states [8] and demonstrating quantum error correction [9] .
The dynamics of spins in field gradients is used to estimate conditional displacement probabilities in diverse transport phenomena [10] . The underlying theory is also important in relating NMR relaxation rates and correlations to the internal Brownian dynamics of molecules [11] . These specific methods considered here take advantage of the spatial extent of the ensemble of spin systems (molecules) in a liquid NMR sample. A magnetic field gradient ∇B z parallel to the static field B z along the z-axis causes the Zeeman precession rate of the spins to vary linearly with their spatial z-coordinates, winding the transverse (xy) magnetization into a spiral about z for which the net transverse magnetization vanishes. The phase coherence thus rendered unobservable can be refocussed by either a second gradient pulse of the opposite polarity, or by a radio-frequency (RF) π-pulse followed by a gradient of the same polarity. Hence to obtain true irreversible decoherence, it is necessary to wait for diffusion to randomize the positions of the molecules so that the correlation between their spins' phases and their z-coordinates is lost. A detailed analysis of this process may be found in [12] . This Letter will show that gradient-diffusion enables simulation of a large variety of incoherent quantum operations by liquid-state NMR. This is done using a semiclassical treatment and in the Markov or short correlation time approximation, which (with a correction to obtain the proper equilibrium limit) is adequate for NMR purposes [13, 14] . The derivations rely upon an efficient but little-known formalism, based on the Hadamard matrix product [15, 16] , for describing adiabatic decoherence (aka T 2 relaxation), and the results translated into the more general Lindblad and Kraus formalisms [17, 18] . Although gradient-diffusion methods may not enable universal simulation of open system dynamics [4, 5] , implementations of the majority of established, theoretically tractable decoherence models are given, including the independent and collective three-axis phase damping models [3, 19] . Because the resources needed to simulate open quantum systems classically are considerably larger than those needed for comparable closed systems, liquid-state NMR may be able to make predictions on their dynamics that would challenge today's computers.
Hadamard products of product operators. Given two complex-valued square matrices
Hadamard product is the matrix of ordinary products
. Like the usual matrix product, this product satisfies the mixed product identity with the Kronecker product [15, 16] ,
but unlike the usual matrix product it is commutative. In the following, all matrices will be expressed as sums of Kronecker products of at most N Pauli matrices σ µ (µ ∈ {x, y, z}) [20] . Some further notations that prove useful
where δ n m is the n-th bit in the binary expansion of m, while the matrix powers (σ
is expressed in this notation as
and in particular, a diagonal matrix may be written as
N is the Hadamard transform (not product) of all the spins [21] .
The Hadamard product of any two such product operator expressions can be worked out from the mixed product formula (1) and the multiplication table below. 
The essential property of Hadamard products to be used in this Letter will now be given. Let A, B and C be M × M complex-valued matrices with A, C diagonal, and let a = diag(A), c = diag(C) be the column vectors formed from their diagonal elements. Then:
If the matrices are sums of product operators as above, the dyadic product a c † may also be expressed in product operator form as
Lindblad operators from Hadamard products. Let ρ be the density matrix of an ensemble of spin systems each consisting of N spin 1 2 particles, assumed for simplicity to be noninteracting and to have the same gyromagnetic ratio γ, which have been polarized by a static magnetic field B z along the z-axis [13] . A uniform magnetic gradient ∇B z correlates the phases of the spins with their spatial z-coordinates via the propagator
In this expression, k = γ t 0 dt ∂B z / ∂z is the wave number of the phase ramp along the z axis and g mm (z) = exp(−ι z k (N − 2H(m)
⊙ ρ, and it is easily seen that
The effect of the molecular diffusion period t on the matrix elements is to convolute them with a Gaussian in z whose variance is Dt, where D is the diffusion constant [9, 12] . This may be evaluated via Fourier transform methods to yield the corresponding dephasor matrix:
Differentiation of ρ(t) = D(t) ⊙ ρ yields −R ⊙ ρ(t), where the dephasing rate matrix is given by
Conversely, integration yields D(t) = exp ⊙ (−R t), where exp ⊙ is the Hadamard (elementby-element) exponential. In the long-time limit t → ∞ all elements of D(t) (and hence ρ(t)) vanish save those with H(m) = H(m ′ ). Those with m = m ′ represent coherences between states with equal angular momentum about the z-axis, which are called zero-quantum coherences in NMR [14] .
The dephasing rate matrix may be expanded as
where e is a M-vector of 1's and
which is the desired Lindblad master equation with a single real diagonal Lindblad operator
, and because the action of L on ρ(t) is unchanged by its overall sign or by adding on a multiple of the identity, it can be further simplified to
This result is readily generalized to cases in which the transverse magnetization from each type of spin has its own wave number k n . Then the propagator in (7) becomes
, and an essentially identical derivation leads to Eq. (12) with
Decoherence processes of this kind occur naturally in heteronuclear gradient-diffusion, and can be obtained in homonuclear by a sequence of gradient pulses interspersed with π-pulses. If these refocus certain spins so that k n = 0, this sequence applies the decoherence selectively to the remaining spins. This analysis can be further generalized to the conditional gradient operations introduced in [8] , where the gradient pulses are interspersed with more complex RF pulse sequences and delays which implement conditional quantum logic gates such as the controlled-NOT [20] . Example 1. Consider a two-spin system subjected to a pair of gradient pulses selective for the first spin and interspersed by controlled-NOT's S 1|2 = σ 
where the subscripts on the k's now specify the temporal order of the corresponding gradient pulses. A similar derivation then gives the Lindblad operator
which for k 1 = k 2 selectively dephases all off-diagonal elements of ρ except σ
Example 2. Now take a three-spin system and substitute the controlled-NOT's in Eq. (15) by Toffoli gates
decohers the off-diagonal elements σ
only if k 1 = k 2 , and hence creates this pseudo-pure state directly from ρ = σ 1 x . More generally, the Lindblad operator will be proportional to the effective Hamiltonian of the gradient propagator preceding the diffusion period.
Thus far the discussion has been restricted to a single diffusion period, so that the decoherence, although possibly selective or conditional, acts collectively on all the affected spins. As shown in [9] , the use of multiple diffusion periods permits implementation of arbitrary correlations including the independent case. The Lindblad master equation in this latter case is
where L n = D/2 k n σ n z for n = 1, . . . , N. A general formula for arbitrary correlations is likewise expected to involve N Lindblads, but appears quite complicated. The result for a two-spin system, however, can be given as
with
and
Here, R n = (k n ) 2 D/2 are the selective decoherence rates for the two spins, and S with Kraus operator sums from Hadamard products. Performing an eigenvalue decomposition of the dephasor matrix (9) gives the integrated evolution equation in Kraus operator sum form,
where the real diagonal matrices K m (t) = Diag(k m (t)) κ m (t) are in general complicated functions of time t. The only assumption made here is that the dephasor D(t) is positivesemidefinite for all t, as it must if ρ(t) is to be positive-semidefinite for all t and inital states ρ = ρ(0).
Due to its algebraic complexity, in general the Kraus form can be obtained only by numerically diagonalizing D(t) at each time point. For independent decoherence at the different spins, however, the rates are proportional to squared Hamming distances 
where κ m (t) = N n=1 (1 + (−1) δ n m p n (t)) for the one-spin survival probabilities p n (t) = exp(−tR n ). The case of collective decoherence appears substantially more difficult, and the eigenvalues κ m (t) involve radicals even for just two spins. Assuming the one-spin survival
